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General Certificate of Education (Adv. Level) Examination, August 2013 

Combined Mathematics II - Part B 

Model Answers 

11.   
(a)  A particle is projected vertically upwards with a velocity u from a point on a fixed rigid horizontal 

floor. After moving under gravity it strikes the floor. The coefficient of restitution between the particle 
and the floor is ( )10 << ee . 

(i) Sketch the velocity-time graph for the motion of the particle until the third impact. 

(ii) Show that the time taken by the particle until the third impact is ( )22 ee
g
u ++ . 

(iii) Show further that the total time taken by the particle to comes to rest is ( )eg
u
−1

2 . 

(b) A train of total mass 300 metric tons moves down a straight track of inclination ⎟
⎠
⎞

⎜
⎝
⎛−

98
1sin 1 to the 

horizontal, at a constant speed with its engine turned off. If the magnitude of the frictional resistance for 
the upward motion remains at the same constant value as for the downward motion, show that the power 
needed to pull the train up the same track at a constant speed of 154 −kmh is kW900 . 
Assuming that the engine is working at this power when the train is travelling on a straight horizontal 
track at a speed of 118 −kmh , with a resistance of same magnitude as before, find the acceleration of the 
train. [Take the acceleration due to gravity 28.9 −= msg ] 
 

Answer 
(a)   

(i)  

            g=θtan  

 

 

 

 

 

 

(ii) 
g
uut ==

θtan1   
g
eut =2   

g
uet

2

3 =  

Time taken by the particle until the 3rd impact 321 222 ttt ++=  

        ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++=

g
ue

g
eu

g
u 2

2  

        =  ( )212 ee
g
u ++  

1/ −msv

st /

u
eu
ue 2

ue 2−
eu−

u−

θ
1t 2t 3t1t 2t 3t

θ θ
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(iii) Time taken by the particle to come to rest ( )...12 432 +++++= eeee
g
u  

( )...1 432 +++++ eeee is an infinite geometric series whose first term is 1 and the common ratio e. 

Since 10 << e , ( )
e

eeee
−

=+++++
1

1...1 432  

∴  Time taken by the particle to come to rest =  ( )eg
u
−1

2  

(b)    
Let 1R be the frictional resistance for the downward motion. 
       Applying amF = to the train 

0sin10300 1
3 =−× Rg θ  

98
18.910300 3

1 ×××=R  

NR 300001 =  
 
Let F be the tractive force of engine of the train when the train is 
moving upwards along the inclined track. 
       Applying amF = to the train 

( )010300sin10300 33
1 ×=×−− θgRF  

98
18.91030030000 3 ×××+=F  

NF 60000=∴  
Power of the engine =Tractive force × Velocity 

           
3600

10005460000 ××=  

          
36

105460000 ××=  

          W10001805 ××=  
          = kW900  

Let 2F be the tractive force of the engine when the train is 
travelling on a straight horizontal track. 

Power 
3600

100018
2

××= F  

3600
101810900

3
23 ××

=×
F  

NF 1800002 =  
        Applying amF = to the train 

a31030030000180000 ×=−  

             25.0
300
150 −=⇒= msaa   ∴Acceleration of the train = 25.0 −ms  

 

 

 

θ

g310300×

1R
0=a

98
1sin =θ

1R

θ

g310300×

F
1

3600
100054 −×= msv

3

5000 18

1

3600
100018 −×= msv

1R

g310300 ×

a

2F

50
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12.  
(a) The triangle ABC is a vertical cross-section through the centre of gravity of a uniform smooth wedge of 

mass M. The lines AC and BC are lines of greatest slope of the respective sides, and the lines BA and AC 

make equal angles ⎟
⎠
⎞

⎜
⎝
⎛ <<

4
0 παα with BC. The wedge is placed with the face containing BC on a fixed 

smooth plane of inclination α to the horizontal, with AB horizontal as shown in the figure. Two particles 
P and Q of masses 1m and 2m  respectively, placed on AB and AC respectively, 
are connected by a light inextensible string which passes over a small  
smooth pulley at the vertex A. The system is released from rest with  
the string taut.  
Write down the equations of motion, for the particle P along BA,  
for the particle Q along AC and for the whole system along BC, 
 in order to determine the accelerations of each particle relative  
to the wedge and the acceleration of the wedge. 
Show that if 21 mm = , the acceleration of each particle relative to the wedge is zero, and the magnitude 
of the acceleration of the wedge is αsing . 
 

(b) A particle P of mass m is placed at the highest point of the smooth outer surface of a fixed sphere of 
radius a and centre O. Another particle Q of mass m2 moving horizontally with velocity u collides 

directly with P. The coefficient of restitution between P and Q is 
2
1 . Find the velocity of P just after the 

collision. 
Assuming that the particle P is still with the sphere when the radius OP has turned through an angleθ , 

show that the magnitude of the reaction on the particle P from the sphere is ( )[ ]22cos3 uga
a
m −−θ . 

Also, show that if gau = , then the particle P leaves the surface of the sphere just after the collision 
with Q. 
 

Answer 
(a)  

Let W- Wedge 
   P - Particle P 
  Q - Particle Q 
  E - Earth 
 

( ) =EWa ,           ( ) =WPa ,   
 

( ) =WQa ,  
 

 
 
From the principle of relative acceleration, 

( ) ( ) ( ) =+= EWaWPaEPa ,,,                 +  
 

( ) ( ) ( ) =+= EWaWQaEQa .,,                 +  
 

α

α

α

Q

A P
B

C

T

T

R

2R

gm2

1f

1R

α

α

α

Q

A P
B

C

gm1

Mg

1f

2fα
α2 α

2f

α2
1f

1f

1f α
2f

α2
1f

α
2f
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Applying amF = to the, 
particle P along BA, ( ) ( )1cos211 −−−−−+= αffmT  
particle Q along AC, ( ) ( )2cos2sin 2122 −−−−−+=− αα ffmTgm  
whole system along AC, 

( ) ( ) ( ) 212212121 coscossinsin90cos MfffmffmMggmgm ++++=++− ααααα  
( ) ( ) ( )3coscossinsinsin 212212121 −−−−−++++=++ MfffmffmMggmgm ααααα  

 
If mmm == 21 (say) 
( ) ( ) ( )iffmT −−−−−+=⇒ αcos1 21  
( ) ( ) ( )iiffmTmg −−−−−+=−⇒ αα cos2sin2 21  
( ) ( ) ( )iiiMfffmMgmg −−−−−++=+⇒ 212 cos2sinsin23 ααα  
( ) ( )iii + ; 

( )αα cos22sin 21 ffmmg +=  
( )ααα cos2cossin2 21 ffg +=  

( )ivfgf −−−−−−= ααα coscossin 21  
Substituting ααα coscossin 21 fgf −= in (iii); 

( )[ ] 222 coscoscossin2sinsin2 MffgfmMgmg +−+=+ αααααα  

2
2

2
2

2 cos2cossin22sinsin2 MfmfmgmfMgmg +−+=+ ααααα  

( ) ( ) 2
2

2
2

2 sin12sin1sin22sinsin2 MfmfmgmfMgmg +−−−+=+ ααααα  

2
2

22
3

2 sin22sin2sin22sinsin2 MfmfmfmgmgmfMgmg ++−−+=+ ααααα  

0sin2sin2sin 2
2

3
2 =−+− ααα mfmgMfMg  

( ) ( ) 0sinsin2sin 2
2

2 =−+− fgmfgM ααα  

( )( ) 0sin2sin 2
2 =+− αα mMfg  

Since 0>M , 0>m and α2sin , 0sin2 2 ≠+ αmM  
∴ 0sin 2 =− fg α  

αsin2 gf =⇒  
From (iv), 0cossincossin1 =−= αααα ggf  

∴ If 21 mm = , the acceleration of each particle relative to the wedge is zero, and the magnitude of the 
acceleration of the wedge is αsing . 
 

(b)  
                   

      Just before the impact             Just after the impact  
           Applying the Principle of linear momentum 
  12202 mvmvmmu +=×+  
            ( )122 21 −−−−−−=+ uvv  
            Applying the law of restitution 

           
2
1

0
21 −=

−
−

u
vv

 

  ( )2
221 −−−−−=− uvv  

  ( ) ( ) 221 ×+ ; uvuv =⇒= 11 33  

Q P Q P
m2 m m2 m

u 0=u 2v 1v

2
1=e
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Velocity of the particle P just after the impact = u  

 
Applying the principle of Conservation of mechanical 
energy 

( )θcos
2
1

2
12 22 aamgmvmuamg ++=+

 
( )θcos124 22 ++=+ gavuga  

( )1cos2222 −−−−−+= θgagauv  
      Applying amF =  to the particle P 

a
vmRmg

2

cos =−θ  

( )θθ cos22cos 2 gagau
a
mmgR −+−=  

[ ]θθ cos22cos 2 gagauga
a
mR +−−=  

( )[ ]22cos3 uga
a
mR −−= θ  

∴The reaction on the particle P from the sphere = ( )[ ]22cos3 uga
a
m −−θ  

When the particle leaves the surface of the sphere, 0=R . 
⇒ ( ) 02cos3 2 =−− uga θ  

( ) gaga =−⇒ 2cos3 θ   ( )gau =2Q  

21cos3 +=⇒ θ  
1cos =⇒ θ  

     0=∴θ  
∴  If gau = , then the particle P leaves the surface of the sphere just after the collision with Q. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

v

Ru

θ

θ

mg

levelEPZero  . 

a
v2

a
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13.  

A particle of mass m is attached to one end of a light elastic string of natural length l and the other end 
of the string is attached to a fixed point O. When the particle hangs in equilibrium the extension of the 

string is
3
l . Find the modulus of elasticity of the string. 

The particle is held at the point distant 
2
l vertically below O, and is released from rest. Find the velocity 

of the particle when it first reaches the point A distant l vertically below O. Let B be the lowest point 
reached by the particle. Show that, for the motion of the particle from A to B, the extension x of the 

string satisfies the equation 0
3

3 =⎟
⎠
⎞

⎜
⎝
⎛ −+

•• lx
l
gx . 

Assuming that the solution of the above equation is of the form ttlx ωβωα sincos
3

++= , find the 

values of the constantsα , β andω . 
Hence, find the centre and amplitude of the simple harmonic motion performed by the particle from A to 
B. 

Show that the particle reaches the point B after a time 
⎭
⎬
⎫

⎩
⎨
⎧ +

33
21 π

g
l from the instant of release. 

 
Find the tension of the string when the particle is at B. 

Answer 
 
 
 
 
 
 
 
 
 
 
 
   
 
 
Considering the equilibrium position of the particle, 
  mgT =  

  mg
l

l

=
⎟
⎠
⎞

⎜
⎝
⎛

3
λ

 

  mg3=λ ; where λ is the modulus of elasticity of the string. 

Applying the principle of Conservation of mechanical energy, 

  mglmvlmgm −=−× 2

2
1

2
0

2
1  

   glv =2  

   glv =∴  

O

l

3
l

mg

0=u

2
l

A v

B 0=v

x

levelEPZero  . 

••
xT

mg

T

positionmEquilibriu  positionGeneral  
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Velocity of the particle, when it first reaches the point A = gl  

  Applying amF =  to the particle when it at the general position 

   
••

=− xmTmg  

    
••

=− xm
l
xmgmg 3  

   ⎟
⎠
⎞

⎜
⎝
⎛ −−=

••

3
3 lx
l
gx  

( )*0
3

3 −−−−=⎟
⎠
⎞

⎜
⎝
⎛ −+

•• lx
l
gx  

∴The extension x of the string satisfies the equation 0
3

3 =⎟
⎠
⎞

⎜
⎝
⎛ −+

•• lx
l
gx . 

( )1sincos
3

−−−−++= ttlx ωβωα  

Differentiating (1) with respect to time t 

( )2cossin −−−−+−=
•

ttx ωβωωαω   
 
Differentiating (2) with respect to time t 

ttx ωβωωαω sincos 22 −−=
••

 

( )ttx ωβωαω sincos2 +−=
••

 

( )30
3

2 −−−−=⎟
⎠
⎞

⎜
⎝
⎛ −+

•• lxx ω  

Comparing the equations (3) and (*), ⇒=
l
g32ω

l
g3=ω  

At 0=t , glvx ==
•

    At 0=t , 0=x  

( ) βω=⇒ gl2     ( ) α+=⇒
3

01 l  

l
g

gl ×=
3

β          ∴  
3
l−=α  

∴
3
l=β

 

When the particle is at the centre, 0=
••
x  

( ) 0
3

03 2 =⎟
⎠
⎞

⎜
⎝
⎛ −+⇒

lxω  

  ∴
3
lx =  

Thus 
3
lx = is the centre of the Simple Harmonic Motion performed by the particle from A to B. 

When the particle is at B, 1ttime =  , 1xx = and 0=
•
x  

( )⇒2 11 cossin0 tt ωβωωαω +−=  
 11 cossin tt ωβωωαω =  
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l
lt 3
3

tan 1 ×−==
α
βω 3−=  

∴
3

2
1

πω =t  

 Substituting 
3

2
1

πω =t in (1), 

⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛−=

3
2sin

33
2cos

331
ππ lllx  

 
2
3

32
1

331 ×+×+= lllx  

     
263
lll ++=  

lx =1  

∴Amplitude of the S.H.M =−=
31
lx

3
2l  

 
 
 

Time taken by the particle to travels from A to B 
ω
π

3
2=  

          
g
l

33
2 ×= π  

          
33

2π
g
l=  

    Applying 2

2
1 atuts += from the initial position to A. 

  2

2
10

2
gtl +=  

 
g
lt =  

 

Time taken by the particle to reaches the point B from the instant of release 
33

2π
g
l

g
l +=  

            =
⎭
⎬
⎫

⎩
⎨
⎧ +

33
21 π

g
l

 

When the particle is at B, =⇒×= 11 3 T
l
lmgT mg3 , where 1T is the tension in the string. 

 
 
 
 
 
 
 

A

3
l

3
2l

B

3
2π

O
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14.   
(a) Let OABC be a quadrilateral, and let D and E be the mid-points of the diagonals OB and AC 

respectively. Also, let F be the mid-point of DE. By taking the position vectors of the points A, B and C 

with respect to O to be a, b and c respectively, show that ( )cba ++=
→

4
1OF . 

Let P and Q be the mid-points of the sides OA and BC respectively. Show that the points P, F and Q are 
collinear and find the ratio FQPF : . 
 

(b) Let ABCD be a rhombus with sides of length 2l and lBD 2= . Diagonals of the rhombus meet at the 
point O. Forces of magnitude 2P, 6P, 4P, 8P and 6P newtons act along AB, BC, DC, DA and BD 
respectively, in the directions indicated by the order of the letters. Resolve the system of forces in the 

directions of 
→

OC and 
→

OD , and show that line of action of the resultant is parallel to BC. 
Also, find the moment of the system about O. 
If the line of action of the resultant meets AB produced at the point E, show that lBE 2= . 
Now, additional forces of magnitude Pα , Pβ , Pγ and Pα newtons are introduced to the system along 
EB, CE, CA and DC respectively in the directions indicated by the order of the letters. If the whole 
system is in equilibrium, find the values ofα , β andγ . 
 

Answer 
(a)   

aOA =
→

, bOB =
→

and cOC =
→

 

acOCAOAC −=+=
→→→

 

Since E is the mid-point of AC, ACAE
2
1= and  

direction =→ EA direction CA →  
→→

=⇒ ACAE
2
1  

( )acAE −=
→

2
1  

Similarly, as D is the mid-point of OB, bOD
2
1=

→
 

( )acaAEOAOE −+=+=
→→→

2
1  

( )caOE +=
→

2
1  

( ) bcaODEOED
2
1

2
1 ++−=+=

→→→
 

( )cabED −−=
→

2
1  

Since F is the mid-point of ED, 
→→

= EDEF
2
1  

( )cabEF −−=
→

4
1  

→→→
+=∴ EFOEOF  

Q

O

( )cC

( )bB

( )aA

E

D

F

P
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          ( ) ( )cabca −−++=
4
1

2
1  

( )cbaOF ++=
→

4
1  

Since P and Q are the mid-points of the sides OA and BC respectively, 

aOP
2
1=

→
   

→→→→
+=+= BCbBQOBOQ

2
1  

           ( )bcb −+=
2
1  

                                    ( )cbOQ +=
→

2
1  

( )cbaaOFPOPF +++−=+=
→→→

4
1

2
1    ( ) ( )cbcbaOQFOFQ ++++−=+=

→→→

2
1

4
1  

( )acbPF −+=
→

4
1       ( )acbFQ −+=

→

4
1  

∴
→→

= PFFQ PFFQ =⇒ and FQ parallel to PF 
∴The points P, F and Q are collinear 

1:1: =FQPF  

 
 

(b)   

2
1

2
cos ==

l
lθ  

∴ °= 60θ  

 

 
 

  

 

 

Resolving the system of forces; 
 in the direction ofOC ,    in the direction of OD, 

2
38

2
34

2
32

2
36 ×−×+×+×=

←
PPPPX  

2
18

2
14

2
16

2
126 ×−×−×+×−=↓ PPPPPY  

=
←
X P32       =↓ Y P2  

 
Let R be the resultant and α be the angle made by the resultant with AC. 

( ) ( )222 322 PPR +=   
3

1
32

2tan ==
P

Pα  

 ( ) ( )312 2 += P    °= 30α  
 PR 4=∴  

∴The line of action of the resultant is parallel to BC. 

A

B

C

D

O

l

l2P6

θθ

P4
P8

P2P6

θθ

l

P32

P2

R
α
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llOCOA 360sin2 =°==  

Taking moments about O 

lPlPlPlPGO ××+××−××+××=
2
38

2
34

2
363

2
12  

=OG Pl36  

Moment of the system of forces about O = Pl36  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Let the resultant R cuts produced OC at the point P where xOP = . 
Taking moment about O 
 
        PlxR 3630sin =×°  

         PlxP 36
2
14 =××  

         ∴ lx 33=  
Let S be the point of intersection of the vertical line through E and the side BC. 
Let T be the point of intersection of the vertical line through C and the side PE. 

OCOPPC −= ll 333 −=  

lPC 32=  
°== 30tanPCESCT  

3
132 ×= lES  

∴ lES 2=  
But BEBEES =°= 30sin2  
∴ lBE 2=  
 
Since the whole system is in equilibrium, 

0=
←
X , 0=↓ Y and  

2
3

2
332 ×+−×−=

←
PPPPX αγα  

PP γ−= 320  
 

A

B

C

D

O

l

l

°30 °30°30
P

T
R

E

S
Pl36=OG

Pl36=OG

0=OG

E

°60
Pα

Pγ

Pα

Pβ

A

B

C

D

O

l

l2P6

°30

P4
P8

P2P6

°60

l
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∴ 32=γ  

2
1

2
12 ×−×+−=↓ PPPPY ααβ  

PP β−= 20  
∴ 2=β  

 

0
2
33

2
12

2
3336 =××−××+××−×− lPlPlPlPPl αααβ  

0
22

6 =−+−− αααβ  

6=+ αβ  
∴ 4=α  

 

 

 

 

 

 

 

 

15.   
(a) Three uniform rods AB, BC and CA, each of length 2a and weight w are smoothly jointed at their ends to 

form an equilateral triangle ABC. The vertex A is smoothly hinged to a fixed point so that the triangle is 
free to rotate in a vertical plane. The triangle is held with AB horizontal and C below AB by a force P 
applied to the triangle at B perpendicular to BC in the plane of the triangle. Find the value of P. 
Also, find the horizontal and the vertical components of the force exerted on BC by AC at C. 
 

(b) The adjoining figure represents a framework of six light rods  
smoothly jointed at the ends. It is smoothly hinged to a  
vertical wall at A and B, and carries a load of 150N at D. 
Draw a stress diagram using Bow's notation and hence,  
determine the stresses in the rods, indicating whether they  
are tensions or thrusts. 
 
 
 
 
 
 
 
 

0=OG

A

B

C
E

D
N150

°120

°30

°60°60

°120

°30
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Answer 
(a)  

 
 
 
 
 

Taking moment about the point A for the system 
A     ; 

( )°+×+°×+×=°× 60cos60cos30sin2 llWlWlWlP

2
3

22
12 WWWP ++=××  

∴ WP 3=  
 
Taking moment about A for the rod AC 
A     ; 

060cos60cos260sin2 =°×+°×+°× lWlYlX  
0260tan2 =++° WYX  
( )1232 −−−−=+ WYX  

 Taking moment about B for the rod BC 
B     ; 060cos60sin260cos2 =°×+°×+°×− lWlXlY  
  ( )2322 −−−−=+− WXY  

( ) ( )21 + ; 
32

234 WXWX −=⇒−=  

( ) ( )21 − ; 004 =⇒= YY  

Horizontal component of the force exerted on BC by AC at C =
32

W  

Vertical component of the force exerted on BC by AC at C =  0 
 
 

(b)               Stress diagram   
 

 

 

 

 

 

 

 

 

A B

P
W

X
C

Y

l l

l

ll

l

°60
°30

W W

X

Y

°60

( )1

A

B

C
E

D
N150

°120

°30

°60°60

°120

°30

( )2

( )3

( )4

( )5

( )1

( )2

( )3

( )4
( )5

°30

°30
°30

°30

°30 °30

N150

°30
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Rod Magnitude Nature 
AC N3100  Tension 
CD N350  Thrust 
CE N3100  Tension 
DE N350  Thrust 
CB N350  Tension 
BE N3150  Thrust 

 

 

 

 

 

 

 

 

16.  
Show that the centre of mass of a uniform solid hemisphere of radius a is on its axis of symmetry, at a 

distance 
8

3a from the centre of the base. 

A composite body is made by rigidly joining a solid hemisphere and a solid sphere,  
made of the same uniform material, to the two ends of a uniform rod of length 2l  
and mass m in such a way that the axis of symmetry of the hemisphere,  
the rod and the centre of the sphere are all lying on the same line,  
as shown in the figure. The sphere is of radius r and mass m,  
and the hemisphere is of radius 2r.  

Show that the centre of mass of the composite body is at a distance ( )lr 38
6
1 +  

from the centre of the base of the hemisphere. 
 
This composite body is placed on a fixed plane inclined at an angle θ  to the horizontal with the base of the 
hemisphere touching the plane. Assuming that the plane is rough enough to prevent slipping, show that the 

composite body will not topple if 
lr

r
38

12tan
+

<θ . 

Show that if 
3
4rl = and 

6
πθ = , then the composite body will not topple and find the magnitude of the 

normal reaction exerted on the composite body by the inclined plane. 
 
 
 
 
 
 

l2

r2

r
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Answer 
Since the hemisphere is symmetrical about the x- axis, its 

centre of mass should be lie on the x-axis. 

Let ( )0 , xG ≡ . 

Let us consider an elemental particle at a distance x from 

O and of thickness dx . 

This elemental particle is of the shape of a cylinder of 

radius r and height dx where 222 xar −= . 

Let ρ be the density of the hemisphere and dm be the 

mass of the elemental particle. 

 
( ) ρπρπ dxxadxrdm 222 −==  

By the definition of the centre of mass, 

( )

( )∫

∫

∫

∫

−

−
== =

=

=

=
a

a

ax

x

ax

x

dxxa

dxxax

dm

xdm
x

0

22

0

22

0

0

ρπ

ρπ
 

   
( )

( ) [ ]
a

a

aa

a

a

xxa

xxa

dxxa

dxxxa

0

3

0
2

0

4

0

2
2

0

22

0

32

3

42

⎥
⎦

⎤
⎢
⎣

⎡
−

⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡

=
−

−
=

∫

∫

πρ

πρ
 

  3

4

3
3

44

2
3

4
3

42
a

a
aa

aa

×=
−

−
=  

∴
8

3ax =  

∴  The centre of mass of a uniform solid hemisphere of radius a is on its axis of symmetry, at a distance 
8

3a

from the centre of the base. 
 
Let ρ be the density of the hemisphere and 1m be the mass of the hemisphere. 

  3
3  4

3

 
3
4 r

m

r

m
ππ

ρ ==  

  ∴ ( ) ρπ 3
1 2

3
2 rm =  

     3
3

1  4
38

3
2

r
mrm

π
π ××=  

     mm 41 =  

 

O

a

x

r

r

dx

dx

222 xar −=

x

y
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Since the composite body is symmetrical about its axis of symmetry, its centre of gravity should lie on the 
axis of symmetry. Let ( )0 , xG ≡  
 
 
 
 
 
 
 
 
 

Body Mass Distance to the centre of mass 
from the base of the hemisphere 

Hemisphere 
4m ( )

4
32

8
3 rr =  

Rod m ( )lr +2  
Sphere m ( )lr 23 +  
Composite body 6m x  
 
Taking moment about the plane surface of the hemisphere 

( ) ( )lrmlrmrmxm 232
4
346 +×++×+×=×  

 ∴ ( )lrx 38
6
1 +=  

 

∴The centre of mass of the composite body is at a distance ( )lr 38
6
1 + from the centre of the base of the 

hemisphere. 

( )lrOG 38
6
1 += and rOA 2=  

The composite body will not topple if OAOX <  
rOG 2tan <⇒ θ  

( ) rlr 2tan38
6
1 <+⇒ θ  

⇒ ( )lr
r
38

12tan
+

<θ  

 

When rlrl 43
3
4 =⇒= , 1

48
12

38
12 =

+
=

+ rr
r

lr
r  

When
6
πθ = , 1

3
1tan <=θ  

If 
3
4rl = and 

6
πθ = , then the composite body will not 

topple. 

When rlrl 43
3
4 =⇒= , rrx 2

6
12 ==  

l4
3r

r

mg4 mg mg

mg6

θ

θ

G

O

A X

R

F
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Resolving the forces in the direction perpendicular to the inclined plane 

0cos6 =− θmgR  

⇒
6

cos6 πmgR =  

∴ mgR 33=  

 
∴  The magnitude of the normal reaction exerted on the composite body by the inclined plane is mg33 . 
 
 
 
 
 
 
 
 
 
 
 

17.   
(a) According to a survey of 100 students of a school who sat for a certain examination it was revealed that 

48 students have passed the examination. Also it was revealed that out of these 100 students, 50 students 
have participated in sports activities in the school, 30 students have participated in musical activities in 
the school and none of the students have participated in both sports and musical activities. Furthermore, 
of those who have participated in sports activities in the school 60% have passed the examination and of 
those who have not participated in sports activities or musical activities in the school 30% have passed 
the examination. 
A student is selected at random from the above 100 students. 
Find the probability that this student 

(i) has passed the examination given that he has participated in musical activities in the school. 
(ii) has participated in sports activities in the school given that he has passed the examination. 

 
(b) A frequency distribution of diameters of a set consisting of 50 small metal balls is given in the following 

table: 
Diameter (cm) Number of small balls 

0.80 - 0.81 1 
0.81 - 0.82 3 
0.82 - 0.83 9 
0.83 - 0.84 20 
0.84 - 0.85 14 
0.85 - 0.86 2 
0.86 - 0.87 1 

Calculate the first quartile of the distribution of diameters. 
The mean and the standard deviation of the diameters of this set of 50 metal balls are given to be  
0.835 cm and 0.01 cm respectively. Also, for another set of 100 small metal balls, it is given that the 
mean of the diameter is the same as that of the first set of 50 metal balls and the standard deviation is 
0.015 cm. 
Find the mean and the variance of the diameters of the combined set of 150 metal balls. 
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It is subsequently discovered that the measuring instrument used for the second set of 100 metal balls 
was faulty and the diameter of each ball has been underestimated by 0.015 cm. Find the true mean and 
true standard deviation of the diameter of these 100 metal balls. 
 

Answer 
(a) Let A ={Being a student who has passed the examination} 

      =1B {Being a student who has participated in sports activities in the school} 
       =2B {Being a student who has participated in musical activities in the school} 

( )
100
48=AP   ( )

100
50

1 =BP   ( )
100
30

2 =BP   ( ) 021 =∩ BBP  

( )
100
60/ 1 =BAP  ( )( )

100
30/ 21 =∪ lBBAP  

 
( )( ) ( )( )lBBAPBBAP 2121 /1/ ∪−=∪  

                          
100
70

100
301 =−=  

Since the events 1B and 2B are mutually exclusive events,  
( )( ) ( ) ( )2121 /// BAPBAPBBAP +=∪  

( )2/
100
60

100
70 BAP+=⇒  

∴ ( )
100
10/ 2 =BAP  

∴  Probability that this student has passed the examination given that he has participated in musical 
activities in the school is 10%. 
 
From the total probability theorem, 

( ) ( ) ( ) ( ) ( )2211 // BAPBPBAPBPAP +=  

         
100
10

100
30

100
60

100
50 ×+×=  

( )
100
33=AP  

From the conditional probability theorem, 

( ) ( )
( )AP

ABP
ABP

∩
= 1

1 /  

               ( ) ( )
( )AP

BAPBP 11 /
=  

               
33

100
100
60

100
50 ××=  

( )
11
10/1 =ABP  

∴  Probability that this student has participated in sports activities in the school given that he has passed 

the examination is
11
10 . 
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(b)  

     
Diameter (cm) Number of small balls Cumulative frequency 

>F  
0.80 - 0.81 1 1 
0.81 - 0.82 3 4 
0.82 - 0.83 9 13 
0.83 - 0.84 20 33 
0.84 - 0.85 14 47 
0.85 - 0.86 2 49 
0.86 - 0.87 1 50 

 

1

11

1

1

1
4

Q

QQ

Q f

FNc
bQ

⎟
⎠
⎞

⎜
⎝
⎛ −

+=
−

, where 82.0
1

=Qb , 5.12
4

=N , 01.0
1

=Qc , 411
=−QF and 9

1
=Qf  

 
 

( )
9

45.1201.082.01
−+=Q  

9
5.801.082.01 ×+=Q  

94.001.082.01 ×+=Q  
0094.082.01 +=Q  

∴ 8294.01 =Q cm 

 
Let x be the diameter of the metal ball of the first set and y be the diameter of the metal ball of the 
second set. 
 

50=n   835.0=x   22 01.0=xσ  

100=m  835.0=y   22 015.0=yσ  

Let z and 2
zσ are the mean and the variance of the combined set of 150 small metal balls respectively. 

 

mn
ymxnz

+
+=  

   
150

835.0100835.050 ×+×=  

   
150

835.0150 ×=  

835.0=z cm 
 

( )
⎭
⎬
⎫

⎩
⎨
⎧ −

+
++

+
=

2222 1 yx
mn

nmmn
mn yxz σσσ  

( )
⎭
⎬
⎫

⎩
⎨
⎧ −×+××+××= −− 2642 835.0835.0

150
100501022510010150

150
1

zσ
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{ }44 105.410
3
1 −− ×+=  

3
105.5 4−×=  

42 1083.1 −×=zσ cm2 

 
The mean of the combined set of 150 metal balls cm835.0=  
The variance of the combined set of 150 metal balls 241083.1 cm−×=  
 
Let y be the diameter of the metal ball of the second set. 
Let l be the true diameter of the metal ball of the second set. 
 

015.0+= yl  

∴ 015.0+= yl  and yl σσ =  

∴  The true mean of the diameter of these 100 metal balls =+= 015.0835.0  cm85.0  
     True standard deviation of the diameter of these 100 metal balls =  cm015.0  
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